Abstract. We define and study basic properties of * -continuous Kleene ω-algebras that involve a * -continuous Kleene algebra with a * -continuous action on a semimodule and an infinite product operation that is also * -continuous. We show that * -continuous Kleene ω-algebras give rise to iteration semiring-semimodule pairs, and that for Büchi automata over * -continuous Kleene ω-algebras, one can compute the associated infinitary power series.
Introduction
A continuous (or complete) Kleene algebra is a Kleene algebra in which all suprema exist and are preserved by products. These have nice algebraic properties, but not all Kleene algebras are continuous, for example the semiring of regular languages over some alphabet. Hence a theory of * -continuous Kleene algebras has been developed to cover this and other interesting cases.
For infinite behaviors, complete semiring-semimodule pairs involving an infinite product operation have been developed. Motivated by some examples of structures which are not complete in this sense, cf. the energy functions of [5], we generalize here the notion of * -continuous Kleene algebra to one of * -continuous Kleene ω-algebra. These are idempotent semiring-semimodule pairs which are not necessarily complete, but have enough suprema in order to develop a fixedpoint theory and solve weighted Büchi automata (i.e., to compute infinitary power series).
We will define both a finitary and a non-finitary version of * -continuous Kleene ω-algebras. We then establish several properties of * -continuous Kleene ω-algebras, including the existence of the suprema of certain subsets related to regular ω-languages. Then we will use these results in our characterization of the free finitary * -continuous Kleene ω-algebras. We also show that each * -continuous Kleene ω-algebra gives rise to an iteration semiring-semimodule pair and that Büchi automata over * -continuous Kleene ω-algebras can be solved algebraically. For proofs of the results in this paper, and also for further motivation and results related to energy functions, we refer to [4] . A Kleene algebra [12] is an idempotent semiring S = (S, ∨, ·, ⊥, 1) equipped with a star operation * : S → S such that for all x, y ∈ S, yx * is the least solution of the fixed point equation z = zx ∨ y and x * y is the least solution of the fixed point equation z = xz ∨ y with respect to the natural order.
Examples of Kleene algebras include the language semiring P (A * ) over an alphabet A, whose elements are the subsets of the set A * of all finite words over A, and whose operations are set union and concatenation, with the languages ∅ and {ε} serving as ⊥ and 1. Here, ε denotes the empty word. The star operation is the usual Kleene star: X * = n≥0 X n = {u 1 . . . u n : u 1 , . . . , u n ∈ X, n ≥ 0}. Another example is the Kleene algebra P (A × A) of binary relations over any set A, whose operations are union, relational composition (written in diagrammatic order), and where the empty relation ∅ and the identity relation id serve as the constants ⊥ and 1. The star operation is the formation of the reflexive-transitive closure, so that R * = n≥0 R n for all R ∈ P (A × A). The above examples are in fact continuous Kleene algebras, i.e., idempotent semirings S such that equipped with the natural order, they are all complete lattices (hence all suprema exist), and the product operation preserves arbitrary suprema in either argument:
yX and ( X)y = Xy for all X ⊆ S and y ∈ S. The star operation is given by x * = n≥0 x n , so that x * is the supremum of the set {x n : n ≥ 0} of all powers of x. It is well-known that the language semirings P (A * ) may be identified as the free continuous Kleene algebras (in a suitable category of continuous Kleene algebras).
A larger class of models is given by the * -continuous Kleene algebras [12] . By the definition of a * -continuous Kleene algebra S = (S, ∨, ·, ⊥, 1), only suprema of sets of the form {x n : n ≥ 0} need to exist, where x is any element of S, and x * is given by this supremum. Moreover, product preserves such suprema in both of their arguments:
For any alphabet A, the collection R(A * ) of all regular languages over A is an example of a * -continuous Kleene algebra which is not a continuous Kleene algebra. The Kleene algebra R(A * ) may be identified as the free * -continuous Kleene algebra on A. It is also the free Kleene algebra on A, cf. [11] . There are several other characterizations of R(A * ), the most general of which identifies R(A * ) as the free iteration semiring on A satisfying the identity 1 * = 1, cf. [1, 13] . For non-idempotent extensions of the notions of continuous Kleene algebras, * -continuous Kleene algebras and Kleene algebras, we refer to [6, 7] .
When A is an alphabet, let A ω denote the set of all ω-words (infinite sequences) over A. An ω-language over A is a subset of A ω . It is natural to
